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We evaluate the effective mass of a scalar ﬁeld which interacts with visible sector via Planck-suppressed
coupling in supergravity framework. We focus on the radiation-dominated (RD) era after inﬂation and
the contribution from a fermionic ﬁeld in the thermal bath. We ﬁnd that, in RD era, the fermion kinetic
term gives the effective mass of the order of Hubble scale to the scalar ﬁeld.
©2012 Elsevier B.V. Open access under CC BY license.1. Introduction
Supersymmetry provides a key for inﬂation model building
since supersymmetric models have many scalar ﬁelds [1]. Its local
version, supergravity, also provides many interesting phenomena.
In particular, supergravity effect generally gives the effective mass
of the order of Hubble scale H to all scalar ﬁelds during inﬂa-
tion [2]. Thus, even if an originally massless scalar ﬁeld φ has
Planck-suppressed couplings only, a large effective mass is gener-
ated for φ.
Recently, it has been shown that the effective mass of the order
of H for such a Planck-suppressed interacting scalar ﬁeld φ is also
generated during the radiation-dominated (RD) era [3]. However,
in Ref. [3], only a scalar ﬁeld in the thermal bath is considered as
a source for the effective mass of φ. One would expect a fermion
ﬁeld in the thermal bath also gives the effective mass of the order
of H to φ. In this study, we conﬁrm this observation based on
thermal ﬁeld theory.
The construction of this study is as following: in Section 2, we
formulate the contribution from a fermion kinetic term to the ef-
fective mass for the Planck-suppressed interacting scalar ﬁeld φ,
assuming the fermionic ﬁeld is in the thermal bath. Then, we eval-
uate the effective mass based on thermal ﬁeld theory. Section 3 is
devoted to conclusion.
2. Contribution from a fermion kinetic term
In this section, we formulate the effective mass for the Planck-
suppressed interacting scalar ﬁeld φ. We focus on the contribution
from the kinetic term of a fermion in the thermal bath.
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We consider a scalar ﬁeld φ and a chiral fermion χ˜ (we use
two-component notation) in supergravity framework. We assume
that masses of φ and χ˜ are originally (i.e., at zero temperature)
much smaller than the Hubble scale H , and that φ and χ˜ are in-
teracting only via the non-minimal Kähler potential given by
K = |Φ|2 + |χ |2 + c |Φ|
2|χ |2
M2P
, (1)
where MP  2.4 × 1018 GeV is the reduced Planck mass and
c =O(1) is a model-dependent parameter. Here, Φ and χ are su-
perﬁelds which include the scalar ﬁeld φ and the chiral fermion χ˜ ,
respectively. Then, the kinetic term of χ˜ is given by [4]
Lχ˜kin. =
(
1+ c |φ|
2
M2P
)
χ˜ (x)iσμ∂μχ˜
∗(x), (2)
where σμ = (1, σ i) (σ i are the Pauli matrices). In the following,
we consider the effective mass-squared for the scalar ﬁeld φ, m˜2φ ,
in RD era. From the kinetic term Eq. (2), the effective mass-squared
m˜2φ from the φ–χ˜ Planck-suppressed interaction is generally writ-
ten as
m˜2φ
∣∣fermion
kin. = −
c
M2P
〈
χ˜ (x)iσμ∂μχ˜
∗(x)
〉
. (3)
In this study, we assume the chiral fermion χ˜ is in thermal equi-
librium. Here and hereafter, 〈· · ·〉 = tr(e−βH · · ·)/ tr(e−βHˆ) repre-
sents the thermal expectation value, where β = 1/T is the inverse
temperature and Hˆ is the Hamiltonian of the system. In the next
subsection, we evaluate Eq. (3) using thermal ﬁeld theory.
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approximation
Below, we assume space–time homogeneity and spatial isotropy
of the background metric. We also take the chiral fermion zero-
temperature mass m0 = 0 for simplicity, although the following
argument can be applied for m0  m f (m f is the thermal mass
for the fermion χ˜ ).1 Since the thermalization rate of the fermion
is much larger than the Hubble expansion rate, we evaluate the ex-
pectation value in Eq. (3) in Minkowski space–time in the follow-
ing discussion. The Hubble expansion rate relates to the evaluation
only through the thermal bath temperature T . Moreover, assuming
the thermal bath is large enough, we neglect the backreaction of
φ–χ˜ interaction to the bath.
First of all, we note the following equation:
〈
χ˜ (x)iσμ∂μχ˜
∗(x)
〉
= −iσμαα˙∂x1μ
(
	˜(+)α˙α(x1, x2) + i
2
	˜(−)α˙α(x1, x2)
)∣∣∣∣
x1=x2=x
, (4)
where α, α˙ are the spinor indices. Here, we have deﬁned the cor-
relation functions 	˜(±)α˙α(x1, x2) as
	˜(+)α˙α(x1, x2) = 1
2
〈[
χ˜∗α˙(x1), χ˜α(x2)
]〉
,
	˜(−)α˙α(x1, x2) = i
〈{
χ˜∗α˙(x1), χ˜α(x2)
}〉
. (5)
Here, 	˜(−)α˙α(x1, x2) is called spectral function. Since the chi-
ral fermion χ˜ is in thermal equilibrium, the correlation func-
tions depend only on the difference x1 − x2: 	˜(±)α˙α(x1, x2) =
	˜(±)α˙α(x1 − x2). Thus, applying spatial Fourier transform, we ob-
tain the following expression:
〈
χ˜ (x)iσμ∂μχ˜
∗(x)
〉
= −iσμαα˙∂x1μ
∫
d3p
(2π)3
eip·(x1−x2)
×
(
	˜
(+)α˙α
p (t1 − t2) + i2 	˜
(−)α˙α
p (t1 − t2)
)∣∣∣∣
x1=x2=x
=
∫
d3p
(2π)3
tr
{
(−i∂y + p · σ )
(
	˜
(+)
p (y) + i2 	˜
(−)
p (y)
)}∣∣∣∣
y=0
,
(6)
where y = t1 − t2. To go further, we can use the following KMS
relation between the equilibrium fermion correlation functions [5]:
	˜
(+)
p (ω) = − i2 tanh
(
βω
2
)
	˜
(−)
p (ω). (7)
From this relation, we obtain
	˜
(+)
p (y) + i2 	˜
(−)
p (y) =
∞∫
−∞
dω
4π
e−iωy
(
tanh
(
βω
2
)
− 1
)
ρ˜p(ω),
(8)
where we have used 	˜(−)p (ω) = iρ˜p(ω).
Now, we are in position to use the formula for the spectral
function ρ˜p(ω) under quasi-particle approximation. When we take
the zero width limit, the spectral function ρ˜p(ω) is given by [6]
1 When the zero-temperature mass is relatively large, m0  m f ( T ), we have
to reconsider the following discussion. On the other hand, as we assume the chiral
fermion is in thermal equilibrium, m0  T case is irrelevant here.ρ˜p(ω) = π
[
Z+(p)δ
(
ω − Ω+(p)
)
+ Z−(p)δ
(
ω + Ω−(p)
)]
(1+ pˆ · σ )
+ π[Z−(p)δ(ω − Ω−(p))
+ Z+(p)δ
(
ω + Ω+(p)
)]
(1− pˆ · σ ), (9)
where Z±(p) is the residue of the pole Ω±(p) and pˆ = p/|p|.
The brief derivation of Eq. (9) and the limiting formulae for
Z±(p),Ω±(p) are summarized in Appendix A. Using Eqs. (8), (9),
Eq. (4) is reduced to a relatively simple form as following:〈
χ˜ (x)iσμ∂μχ˜
∗(x)
〉
= 1
π2
∞∫
0
dp p2
{
Z+(p)
(
Ω+(p) − p
)(
nF (Ω+) − 1
2
)
+ Z−(p)
(
Ω−(p) + p
)(
nF (Ω−) − 1
2
)}
, (10)
where nF (ω) = 1/(eβω + 1) is the Fermi-Dirac distribution func-
tion.
To proceed the analysis further, let us approximate nF (Ω±(p)) =
1/(eβΩ±(p) + 1). The approximation formula we use here is based
on the following three observations: ﬁrst, nF (Ω±(p)) has a cut-
off around Ω±  T . Second, when Ω± is small (when p  T ), we
can neglect Ω±(p) dependence of nF (Ω±(p)). Finally, Ω±(p)  p
for p  m f , where m2f = κ ′g2T 2 is the thermal mass for the chi-
ral fermion χ˜ . Here, g is a coupling constant and κ ′ O(1) is a
model-dependent constant.2 From the above observations, it is rea-
sonable to use the following approximation formula for nF (Ω±(p))
for all intervals of p:
nF
(
Ω±(p)
) 1
eβp + 1 . (11)
Then, the expectation value for the kinetic term Eq. (10) becomes〈
χ˜ (x)iσμ∂μχ˜
∗(x)
〉
= 1
π2
∞∫
0
dp p2
{
Z+(p)
(
Ω+(p) − p
)
+ Z−(p)
(
Ω−(p) + p
)} 1
eβp + 1 , (12)
where we have neglected the “vacuum” contribution, which is in-
dependent of the distribution function, for simplicity.3 The con-
tributions from the integration intervals [m f , T ] and [0,m f ] in
Eq. (12) give the leading and the next leading order contributions
in terms of the coupling g , respectively. Thus, assuming the cou-
pling g is small enough, we apply the approximation formulae
Z+  1, Z−  0, Ω+(p)  p +m2f /p, Ω−(p)  p (see Eq. (23)) to
the whole interval [0,∞] although these formulae are valid only
within the interval [m f , T ]:
〈
χ˜ (x)iσμ∂μχ˜
∗(x)
〉 1
π2
∞∫
0
dp p2 × m
2
f
p
1
eβp + 1 =
m2f T
2
12
. (13)
2 For example, if the interaction term is given by Lint. = −gϕχ˜λ˜ + h.c. (ϕ is a
complex scalar ﬁeld and λ˜ is a chiral fermion), we obtain κ ′ = 1/16 under the one-
loop Hard Thermal Loop approximation [6].
3 The “vacuum” contribution may lead to 〈χ˜ (x)iσμ∂μχ˜∗(x)〉vac  −12π2
∫ MP
0 dp p
2×
m2f
p = −
m2f M
2
P
4π2
, where we have introduced the cut-off scale MP. Unfortunately, this
is T -dependent quadratic divergence, though we do not expect the chiral fermion
kinetic term has such a huge expectation value. Thus, for simplicity, we neglect the
“vacuum” contribution in this study.
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from the kinetic term of the chiral fermion is given by
m˜2φ
∣∣fermion
kin.  −
c
M2P
m2f T
2
12
= − 15cκ
′
2π2g∗
g2H2, (14)
where m2f = κ ′g2T 2 and the relation 3M2PH2 = π
2g∗
30 T
4 in RD era
is used, and g∗ is the relativistic degrees of freedom in the thermal
bath. Eq. (14) is our main result in this study.
3. Conclusion
We have evaluated the effective mass of a scalar ﬁeld φ which
interacts only via Planck-suppressed operator to visible sector
given in Eq. (1). We focus on RD era and the contribution from a
chiral fermion χ˜ in the thermal bath. To make the analysis reliable,
we base on thermal ﬁeld theory for the chiral fermion χ˜ . We ﬁnd
that the chiral fermion kinetic term gives the effective mass of the
order of H to the scalar ﬁeld φ under the quasi-particle approx-
imation for χ˜ . The main result in this study is given in Eq. (14).
This Hubble-induced mass has almost the same magnitude as the
one from scalar ﬁeld kinetic term in the thermal bath [3]. Such an
effective mass of the order of H for the Planck-suppressed interact-
ing scalar ﬁeld in RD era may affect some cosmological scenarios.
For example, the Hubble-induced mass in RD era would play an
important role to solve the cosmological moduli problem [8]. On
the other hand, when we consider the curvaton scenario [9] in the
framework of supergravity, the Hubble-induced mass in RD era as
well as during inﬂation will be the main obstacle to the model
building. From our study, it is conﬁrmed that the fermions in the
thermal bath contribute to the Hubble-induced mass as well as the
scalars in the bath.
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Appendix A. Spectral function for chiral fermion
In this appendix, we brieﬂy review the derivation of the spec-
tral function for the chiral fermion χ˜ [7,6]. Let us start with the
following thermally corrected self-energy of the chiral fermion:
Σ = a − bpˆ · σ , (15)
where pˆ= p/|p| (pμ = (p0,p) is the fermion external momentum)
and we have neglected the chiral fermion zero-temperature mass.
For the one-loop Hard Thermal Loop approximation, the parame-
ters a and b generally have the following form [7,6]:
a = m
2
f
2p
ln
(
p0 + p
p0 − p
)
,
b = −m
2
f
p
(
1− p0
2p
ln
(
p0 + p
p0 − p
))
, (16)
where m f is the fermion thermal mass. For instance, if we assume
an interaction term Lint = −gϕχ˜λ˜ + h.c. (ϕ is a complex scalar
ﬁeld and λ˜ is a chiral fermion), we obtain m2 = g2T 2/16.fThe inverse propagator for χ˜ including the thermally corrected
self-energy is given by
i S−1(P ) = σμpμ − Σ
= (p0 − p − a + b)1+ pˆ · σ
2
+ (p0 + p − a − b)1− pˆ · σ
2
. (17)
Then, the propagator for χ˜ can be written as following:
−i S(P ) = (p0 − p − a + b)−1 1+ pˆ · σ
2
+ (p0 + p − a − b)−1 1− pˆ · σ
2
. (18)
Thus, the spectral function for the chiral fermion χ˜ is given by
ρ˜p(ω) = S(ω + i,p) − S(ω − i,p)
= ρ+p (ω)
1+ pˆ · σ
2
+ ρ−p (ω)
1− pˆ · σ
2
, (19)
where
ρ±p (ω) = −2 Im
1
(p0 − a) ∓ (p − b)
∣∣∣∣
p0=ω+i
. (20)
Here,  → +0 is the inﬁnitesimal parameter.
In thermal ﬁeld theory, the spectral function is known to be
divided into quasi-particle pole contribution and continuous state
one [6]:
ρ±p (ω) = 2π
(
ρ
±(pole)
p (ω) + ρ±(cont.)p (ω)
)
,
ρ
±(pole)
p (ω) = Z±(p)δ
(
ω − Ω±(p)
)+ Z∓(p)δ(ω + Ω∓(p)),
(21)
where the pole width is taken to be zero. Thus, under the quasi-
particle approximation, the spectral function is given by
ρ˜p(ω) = ρ+p (ω)
1+ pˆ · σ
2
+ ρ−p (ω)
1− pˆ · σ
2
 π(ρ+(pole)p (ω)(1+ pˆ · σ ) + ρ−(pole)p (ω)(1− pˆ · σ ))
= π[Z+(p)δ(ω − Ω+(p))
+ Z−(p)δ
(
ω + Ω−(p)
)]
(1+ pˆ · σ )
+ π[Z−(p)δ(ω − Ω−(p))
+ Z+(p)δ
(
ω + Ω+(p)
)]
(1− pˆ · σ ). (22)
This is what we would like to derive here. For the sake of con-
venience, we write down the limiting formulae for the residues
Z±(p) and the dispersion relations for the poles Ω±(p) under the
one-loop Hard Thermal Loop approximation:
Z+(p) = Ω+(p)
2 − p2
2m2f

⎧⎨
⎩
1
2 + p3m f (p m f ),
1+ m
2
f
2p2
(1− ln 2p2
m2f
) ∼ 1 (p m f ),
Z−(p) = Ω−(p)
2 − p2
2m2f

⎧⎨
⎩
1
2 − p3m f (p m f ),
2p2
em2f
exp(− 2p2
m2f
) ∼ 0 (p m f ),
Ω+(p) 
{
m f + 13 p (p m f ),
p + m
2
f
p (p m f ),
Ω−(p) 
⎧⎨
⎩
m f − 13 p (p m f ),
p + 2pe exp(− 2p
2
m2
) (p m f ). (23)f
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limit, Dirac and Majorana ﬁelds have the same dispersion relations
as in Eq. (23) [7,6].
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